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An affine Lie algebra is a 1-dimensional central extension of a simple Lie

algebra with the Laurent polynomial coefficients. We develop an analogy for

the current algebra on S3. We introduce the algebra of Laurent polynomial

type harmonic spinors L on S3. Then we introduce a triple of 2-cocycles on

L. A central extension by C3 of the simple Lie algebra with the coefficients

L is obtained.

Virasoro algebra is a 1-dimensional central extension of the Lie algebra

of ( complexified ) vector fields over S1. Khesin-Kravchenko and Radul

introduced a 2-cocycle on the algebra ψDO of Pseudo-differential operators

over a manifold. We apply their method to the Lie algebra of polynomial

coefficient vector fields over S3. The latter is a subalgebra of ψDO. We

obtain an analogy of Virasoro algebra on S3. We shall show the table of

2-cocycles of the basic vector fields on S3.

This lecture consists as follows:

1. ( After Kac’s Bombay lecture note) Introduction to the central exten-

sion of the complex loop algebra on S1 and the central extension of

the Lie algebra of complex vector fields on S1.

2. Classical analysis on Fourier analysisi on S1, Cauchy operator and

Laurent polynomials
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3. A parallel analysis on S3; Dirac operator on R4, the separation of

variable method of the boundary Dirac operator, and the Laurent

polynomial type spinors

4. Central extension of Current algebra on S3; = central extension of the

complex Lie algebra with Laurent polynomial type spinor coefficients

by C3.

5. Algebra of polynomial coefficient vector fields on S3: Witt algebra,

and its central extension.

6. (i) The table of structure constants of the Witt algebra on S3 and (ii)

the table of the basic 2-cocycles ( there are nine ) on it.

As for the detailed explanation of (3) and (4) the readers can refer my

previous papers ( ask me ( kori@waseda.jp)). As for the long calculations

of the table of 2-cocycles the detailed calculations are available from me.
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Preparatory

Lemma 0.1. Let M be a Lie algebra over C and

M̃ = {x+ λa; x ∈M, λ ∈ C}

with a an indefinite number.

Let c : M ×M −→ C be a bilinear map satisfying

c(x, y) = −c(y, x) x, y ∈M

c([x, y], z) + c([y, z], x) + c([z, x], y) = 0 x, y, z ∈M

(c is called 2-cocycle on M).

Then the Lie bracket

[x+ λa, y + µa] = [x, y] + c(x, y)a

makes M̃ into a Lie algebra.

M̃ is a central extension of M , i.e. there is a surjective homomorphism

θ : M̃ ∋ x+ λa −→ x ∈M

such that dim ker θ = 1 and ker θ lies in the center of M̃ ; [k, x + λa] = 0

for ∀k ∈ ker θ and ∀x+ λa ∈ M̃ .
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1 Loop algebras and central extensions

1.

L = C[t, t−1]: the Laurent polynomials in t:∑
n∈Z

ant
n, t ∈ C

finitely many an ̸= 0.

The residue Res : L −→ C is defined by Res (
∑

ant
n) = a−1.

2.

g, [ , ]: a simple finite dimensional Lie algebra.

Lg = L⊗C g.

Lg may be made into a Lie algebra in a unique way

[ f ⊗ x, g ⊗ y ] = fg ⊗ [x, y], f, g ∈ L, x, y ∈ g.

Let ⟨ , ⟩ be the invariant bilinear form on g. Deine a bilinear form

⟨ , ⟩t : Lg× Lg −→ L

by

⟨f ⊗ x, g ⊗ y⟩t = fg ⊗ ⟨x, y⟩
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Lemma 1.1. The function c : Lg× Lg −→ C defined by

c(ξ, η) = Res ⟨dξ
dt
, η⟩

is a 2-cocycle on Lg.

Proof. To show that c is anticommutative it is sufficient to verify that

c(tm ⊗ x, tn ⊗ y) = −c(tn ⊗ y, tm ⊗ x).

Now

c(tm ⊗ x, tn ⊗ y) = Res.⟨mtm−1 ⊗ x, tn ⊗ y⟩t = Res. (mtn+n−1⟨x, y⟩)

=

{
m⟨x, y⟩ ifm+ n = 0

0, if m+ n ̸= 0

The anticommutativity follows. Jacobi identity is proved similarly.

We may therefore construct the 1-dimensional central extension

L̂g = Lg⊕Ca

with Lie multiplication

[ξ + λa , η + µa ] = [ξ, η] + c(ξ, η)a , ∀ξ, η ∈ Lg , λ, µ ∈ C.
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2 Loop algebras and central extensions

1.

L = C[t, t−1]: the Laurent polynomials in t:∑
n∈Z

ant
n, t ∈ C

finitely many an ̸= 0.

The residue Res : L −→ C is defined by Res (
∑

ant
n) = a−1.

2.

g, [ , ]: a simple finite dimensional Lie algebra.

Lg = L⊗C g.

Lg may be made into a Lie algebra in a unique way

[ f ⊗ x, g ⊗ y ] = fg ⊗ [x, y], f, g ∈ L, x, y ∈ g.

Let ⟨ , ⟩ be the invariant bilinear form on g. Deine a bilinear form

⟨ , ⟩t : Lg× Lg −→ L

by

⟨f ⊗ x, g ⊗ y⟩t = fg ⊗ ⟨x, y⟩
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Lemma 2.1. The function c : Lg× Lg −→ C defined by

c(ξ, η) = Res ⟨dξ
dt
, η⟩

is a 2-cocycle on Lg.

Proof. To show that c is anticommutative it is sufficient to verify that

c(tm ⊗ x, tn ⊗ y) = −c(tn ⊗ y, tm ⊗ x).

Now

c(tm ⊗ x, tn ⊗ y) = Res.⟨mtm−1 ⊗ x, tn ⊗ y⟩t = Res. (mtn+n−1⟨x, y⟩)

=

{
m⟨x, y⟩ ifm+ n = 0

0, if m+ n ̸= 0

The anticommutativity follows. Jacobi identity is proved similarly.

We may therefore construct the 1-dimensional central extension

L̂g = Lg⊕Ca

with Lie multiplication

[ξ + λa , η + µa ] = [ξ, η] + c(ξ, η)a , ∀ξ, η ∈ Lg , λ, µ ∈ C.
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The Euler derivation t ddt acts on L̂g as an outer derivation and kills a:

t
d

dt
(ξ + λa) = t

dξ

dt
, ξ ∈ Lg

Then adjoining a derivation d to L̂g we have the Lie algebra ĝ:

ĝ = Lg⊕Ca⊕Cd,

with the bracket defined as follows:

[tk ⊗ x⊕ λc⊕ νd, tl ⊗ y ⊕ λ1c⊕ ν1d ]

= (tk+l ⊗ [x, y] + νltl ⊗ y − ν1ktk ⊗ x)⊕ kδk,−l(x|y)c ,

for (x, y ∈ g, λ, ν, λ1, ν1 ∈ C).

In brief an affine Lie algebra is a central extension of a simple Lie algebra

with the Laurent polynomial coefficients.

To develop an analogy for the current algebra on S3 we introduce the

algebra of Laurent polynomial type harmonic spinors on S3. Then we in-

troduce a triple of 2-cocycles on this algebra.
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3 Lie algebra of complex vecor fields on S1

1. V ect(S1) : the Lie algebra of real vector fields on S1:

V ect(S1) ∋ f(θ) ∂
∂θ

, f ∈ C∞(S)

The LIe bracket of vector fields is:

[f(θ)
∂

∂θ
, g(θ)

∂

∂θ
] = (fg′ − f ′g)(θ) ∂

∂θ

A real basis is provided by the vector fields

∂

∂θ
, cos(nθ)

∂

∂θ
, sin(nθ)

∂

∂θ
, n = 1, 2, · · ·

Remark 3.1. (no convergence discussion, so f(θ), g(θ) are any trigono-

metric polynomials.

2. The complexfication of V ect(S1):

D =

{
dn = ieinθ

∂

∂θ
= −zn+1 d

dz
; n ∈ Z, z = eiθ

}
The LIe bracket of vector fields is:

[ dm , dn ] = (m− n)dm+n , m, n ∈ Z
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Remark 3.2. The Lie algebra V ect(S1) is the Lie algebra Diffo(S
1) of

orientation preserving diffeomorphisms of S1:

γ ∈ Diffo(S1) acts on C∞(S1,C);

(γ · f)(z) = f(γ−1z).

For γ ∼ Id, we have

γ(z) = z + zϵ(z) = z +
∞∑

n=−∞, n̸=0

ϵnz
n+1 ,

ϵ(z) = z +
∑∞

n=−∞, n ̸=0 ϵnz
n+1 is the Laurent (Fourier ) series.

Since

γ−1(z) = z −
∞∑

n=−∞, n ̸=0

ϵnz
n+1 ,

we have

(γ · f)(z) = f(z −
∞∑

n=−∞, n̸=0

ϵnz
n+1) = (1 +

∑
n

ϵndn)f(z)

with dn = −zn+1 d
dz .

Hence the dn’s form a topological basis of the complexication of the Lie

algebra D.
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Central extensions of D: the Virasoro algebra

Suppose we have a 2-cocycle c(m,n) ∈ C, m,n ∈ Z.

Then the central extension D̃ of D by a 1-dimensional center Ca is

obtained:

D̃ = D ⊕Ca

[ dm, dn ] = (m− n)dm+n + c(m,n)a , [ dm, a] = 0 . (3.1)
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• CALCULATIONS ( Kac: Bombay Lecture or ...)

1. rescale:d′0 = d0, d′n = dn − c(0,n)
n a, n ̸= 0 to have

[d′0, d
′
n] = −nd′n, n = 0,±1, · · ·

Suppose this relations

[d0, dn] = −ndn (3.2)

from the first.

2. Jacobi identity for d0, dm, dn=⇒

[d0, [dm, dn]] = −(m+ n)[dm, dn] (3.3)

(3.1)(3.2)(3.3) =⇒ (m + n)c(m,n)a = 0 =⇒c(m,n) = δm,−nc(m), so

that

[dm, dn] = (m− n)dm+n + δm,−nc(m)a, (3.4)

3. From the anticommutativity of Lie bracket it holds c(m) = −c(−m).

4. Jacobi identity for dl, dm, dn with l +m+ n = 0 and (3.4) =⇒

(m− n)c(m+ n)− (2n+m)c(m) + (n+ 2m)c(n) = 0 (3.5)

and

(m− 1)c(m+ 1) = (2 +m)c(m)− (1 + 2m)c(1) (3.6)

5. Since c(−m) = −c(m) , c(0) = 0, eough to solve it for m > 0 only.

(3.6) being linear recursion relation, the dimention of the solution

space is at most 2.

c(m) = αm+ βm3.

6. For β = 0 the extension becomes the trivial one
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7. For β ̸= 0 we may take

c(m) = β(m3 −m)

—————————————————————————–

We put β = 1
12

Definition 3.3. Virasoro algebra is the Lie algebra V ir with basis

{ dm, m ∈ Z; a }

and the commutationrelations

[dm , a ] = 0 (3.7)

[ dm , dn ] = (m− n)dm+n + δm,−n
(m3−m)

12 a (3.8)
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4 Classical Analysis on

C ≃ R2 ≃ [0.∞)× S1

z = x+ iy ∼

(
x

y

)
∼ reiϕ .

——————————————————————

• U(1) ∋ eiθ ∼

(
cos θ − sin θ

sin θ cos θ

)
∈ SO(2) acts on R2 :

z = x+ iy =

(
x

y

)
−→ g · z =

(
x cos θ − y sin θ

x sin θ + y cos θ

)

• SO(2) acts on C∞(R2):

(RgF )(z) = F (g−1z) = F (x cos θ + y sin θ ,−x sin θ + y cos θ)

•
so(2) = {X; 2× 2 matrix/R , X + tX = 0 , tr.X = 0}

Infinitesimal action of so(2) on R2:

(dR)e : u(1) ∼ so(2) −→ V ect(R2)

so(2) ∋

(
0 −θ
θ 0

)
−→ (dR)e(

(
0 −θ
θ 0

)
) = − ∂

∂θ
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In fact.

dR(

(
0 −t
t 0

)
)F (x, y) =

d

dt
|t=0ReitF (x, y)

= (y
∂

∂x
− x ∂

∂y
)F = − ∂

∂θ
F .

d
dt ReitF (x, y) =

d
dt F (x cos t+ y sin t , −x sin t+ y cos t)

= ∂F
∂x

d
dt(x cos t+ y sin t) + ∂F

∂y
d
dt(−x sin t+ y cos t),

—————————

∂

∂θ
= x

∂

∂y
− y ∂

∂x

is the rotation vector field around 0 ∈ R2 and

is a basis of V ect(S1).
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4.1 Cauchy operator ∂

•
C ∋ z = x+ iy = r eiθ = cos θ + i sin θ

x =
1

2
(z + z), y =

1

2i
(z − z)

∂ : =
∂

∂z
=

1

2

(
∂

∂x
+ i

∂

∂y

)

=
1

2
eiθ
(
∂

∂r
+ i

1

r

∂

∂θ

)
.
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• Eigenvalue problem on S1 = {z = eiθ} of the boundary Cauchy

operator ∂
∂θ .

−i ∂
∂θ

ϕ(θ) = λϕ(θ)

is solved by the eigenvalues:

λ = 0, ±1, ±2, · · · ,±n, · · ·

and eigen functions:

ϕk(θ) =
1√
2
eikθ , k = 0, ±1, ±2, · · ·

with the normalization condition:∫ π

−π
ϕj(θ)ϕk(θ) dθ = δjk
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• Fourier expansion

∀f ∈ C(S1)

f(θ) =
∞∑

k=−∞

ck ϕk(θ)

ck =

∫ π

−π
f(θ)ϕk(θ) dθ.

We shall show

• ”Fourier expansion” ⇐⇒ ” Laurent expansion ”.

• basic functions e±ikθ ⇐⇒ basic functions z±n
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Separation of variables & holomorphic extension

• Given f(θ) =
∑∞

k=−∞ ck ϕk(θ) on S
1; ck =

∫ π

−π f(θ) e
−ikθ dθ.

Find F on D2 = {|z| ≤ 1} such that ∂F = 0, |z| < 1

F = f , |z| = 1,
z = reıθ, 0 ≤ r < 1, −π < θ ≤ π

• The solution obtained as follows.

Let the extension have the formula

F (reiθ) =
∞∑

k=−∞

akRk(r)ϕk(θ).

Since ∂F = 1
2e

iθ
(

∂
∂r + i 1r

∂
∂θ

)
F = 0 ,

it holds that

∑
k ak (

dRk

dr ϕk(θ) + i
r Rk

dϕk

dθ )

=
∑

k ak (
dRk

dr −
k
r Rk )ϕk = 0.

• From the conditions: F : regular at z = 0, ϕk: linearly indepen-

dent, and F = f on |z| = 1, we have ak = 0, ∀k ≤ −1,

akRk(r) = ck r
k
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ak = 0, ∀k ≤ −1 and akRk(r) = ck r
k.

F (z) = F (reiθ) =
∑∞

k=0 ck r
kϕk(θ) =

∑∞
k=0 ck z

k

ck =
∫ π

−π f(θ) e
−ikθ dθ

F (z) =
∞∑
k=0

ckz
k =

1

2π

∫ π

−π
f(θ)

∞∑
k=0

e−ikθzkdθ

=
1

2πi

∫
|ζ|=1

f(ζ)

( ∞∑
k=0

ζ
k
zk

)
ζdζ =

1

2πi

∫
|ζ|=1

f(ζ)ζ

1− ζ z
dζ

=
1

2πi

∫
|ζ|=1

f(ζ)

ζ − z
dζ

Cauchy integral formula on |z| ≤ 1 !
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• exterior Dirichelet problem

Given f(θ) =
∑∞

k=−∞ ck ϕk(θ) on S
1; ck =

∫ π

−π f(θ) e
−ikθ dθ.

Find F on Dc = {|z| ≥ 1} such that
∂F = 0, |z| > 1

F = f , |z| = 1,

F
|z|−→∞−→ O(1/|z|).

z = reıθ, 0 ≤ r < 1, −π < θ ≤ π

F is regular at z = ∞, ϕk is linearly independent, and F = f on

|z| = 1,

it follows that  ak = 0, k ≥ 1,

akRk(r) = ck r
k

F (z) = F (reiθ) =
k=1∑
−∞

ck r
kϕk(θ) =

∞∑
k=1

c−k z
−k

F (z) =
∞∑
k=1

c−kz
−k =

1

2π

∫ π

−π
f(θ)

∞∑
k=1

eikθz−kdθ

= − 1

2πi

∫
|ζ|=1

f(ζ)

( ∞∑
k=1

ζk−1z−k

)
dζ

= − 1

2πi

∫
|ζ|=1

f(ζ)

ζ − z
dζ

exterior Cauchy integral formula on |z| > 1.
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• Laurent expansion F holomorphic on 0 < |z| < ∞ has the expan-

sion

F (z) =
1

2πi

∫
|ζ|=r2

f(ζ)

ζ − z
dζ − 1

2πi

∫
|ζ|=r1

f(ζ)

ζ − z
dζ

for r1 < |z| < r2, 0 < ∀r1 < ∀r2.

• z±n: a basis of holomorphic functions on 0 < |z| <∞:

F (z) =
∑
n=0

cnz
n +

∑
n=1

c−nz
−n

• Residue

The coefficient c−1 of z
−1 is called the residue of F at z = 0:

Res.F (0) =
1

2πi

∫
|ζ|=ϵ

F (ζ)dζ, ∀ϵ > 0.
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• Ingredients consist of

· · · , z−2, z−1, 1, z, z2, · · · ;

∂
∂θ = z d

dz |S
1;

∂ = ∂
∂z

If we have the corresponding ingredients on S3 ⊂ C2 we shall obtain

”classical analysis” on S3 and its calculations.

• [Clifford-Hamilton, Dirac-Pauli]

– ”functions ” =⇒ matrix and then ”spinors”

–

U(1) ∼ SO(2) =⇒ SU(2)/± I ∼ SO(3)

5 Contemporary Classical Analysis on

C2 ≃ R4 ≃ [0.∞)× S3

• (i) Basic polynomials on S3 ⊂ C2

(ii) Basic vector fields on S3 ⊂ C2

that comes from the representation of SU(2) ≃ SO(3)
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• g =

(
a −b
b a

)
∈ SU(2) ∼ SO(3) acts on C2 ∼ R4 :

z =

(
z1

z2

)
−→ Rgz =

(
az1 − bz2
az2 + bz1

)

• SU(2) acts on C∞(C2):

(RgF )(z) = F (z · g) = F (az1 − bz2 , az2 + bz1)

• Basis of su(2) = {X ∈ gl(2,C) : tX +X = 0, tr.X = 0} :

σ1 =

 0 1

1 0

 , σ2 =

 0 −i

i 0

 , σ3 =

 1 0

0 −1

 , Pauli matrices.

• Infinitesimal action of su(2): (dR)e : su(2) −→ V ect(S3) .

(dRe)(X)F =
d

dt
|t=0Rexp tXF , X ∈ su(2),

is given by

dR(σ3) = −
√
−1θ0 , dR(σ2) =

√
−1θ1 , dR(σ1) =

√
−1θ2 .

Where

θ1 = e+ + e− , θ2 =
√
−1(e+ − e−) ,

e+ = −z2 ∂
∂z̄1

+ z1
∂
∂z̄2
, e− = −z̄2

∂

∂z1
+ z̄1

∂

∂z2
.

θ0 =
√
−1θ =

√
−1(z1 ∂

∂z1
+ z2

∂
∂z2
−z̄1

∂

∂z̄1
− z̄2

∂

∂z̄2
).
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We have the commutation relations;

[θ, e+] = 2e+, [θ, e−] = −2e−, [e+, e−] = −θ.

Lie algebras spanned by (e+, e−, θ) is isomorphic to sl(2,C).

• By the Euler angle coordinates (θ, ϕ, ψ) on S3;

z1 = cos
θ

2
exp(

√
−1
2

(ψ + ϕ)) , z2 =
√
−1 sin θ

2
exp(

√
−1
2

(ψ − ϕ))

we have the following expression:

θ0 =
∂

∂ψ
,

θ1 = − sinψ
∂

∂θ
+

cosψ

sin θ

∂

∂ϕ
− cot θ cosψ

∂

∂ψ

θ2 = cosψ
∂

∂θ
+

sinψ

sin θ

∂

∂ϕ
− cot θ sinψ

∂

∂ψ

These are the rotation vector fields around 0 ∈ R4 ,

and give a basis of V ect(S3).
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6 Dirac operator

•

C2 ∋ (z1 = x1 + ix2, z2 == x3 + ix4)

∂
∂z1

= ∂
∂x1
− i ∂

∂x2
, ∂

∂z2
= ∂

∂x3
− i ∂

∂x4
,

σk, k = 1, 2, 3, 4, Pauli matrices

The half Dirac operator has the expression:

D =


∂
∂z1
− ∂

∂z̄2

∂
∂z2

∂
∂z̄1


=

∂

∂x1
− i

∂

∂x2
σ3 − i

∂

∂x3
σ2 − i

∂

∂x4
σ1

[ Remember ∂ = ∂
∂x1
− i ∂

∂x2
.]

• Polar decomposition of the Dirac operators D :

D = γ+

(
∂

∂r
− ∂/
)
.

∂/; the boundary Dirac operator , is given by

∂/ =
1

r

−1
2θ e+

−e− 1
2θ

 .
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In the above

r = |z|.
∂
∂r =

1
2|z|

(
z1

∂
∂z1

+ z2
∂
∂z2

+ z1
∂
∂z1

+ z2
∂
∂z2

)
.

γ denote the Clifford multiplication of the radial vector ∂
∂r :

γ = γ+ ⊕ γ− : S+ ⊕ S− −→ S− ⊕ S+ ,

γ2 = 1

[Remember; ∂ = 1
2e

iθ
(

∂
∂r + i 1r

∂
∂θ

)
.]
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• Eigenvalue problem on S3 of the boundary Dirac operator ∂/.

We define the monomials:

vk(l,m−l) = (e−)
kzl1z

m−l
2 ; m = 0, 1, 2, · · · , l, k = 0, 1, · · · ,m

They play the same role on S3 ⊂ C2 as the monomials z±n do on

S1 ⊂ C:

1. vk(l,m−l) is a harmonic polynomial on C2; ∆vk(l,m−l) = 0.

2.
{

1√
2π
vk(l,m−l) ; m = 0, 1, · · · , 0 ≤ k, l ≤ m

}
forms a complete

orthonormal system of L2(S3).

3. For each pair (m, l), 0 ≤ l ≤ m,

H(m,l) = {vk(l,m−l) ; 0 ≤ k ≤ m+ 1} gives a
(m+1)-dimensional representation of su(2) with the highest weight
m
2 .

e+v
k
(l,m−l) = −k(m− k + 1)vk−1(l,m−l),

e−v
k
(l,m−l) = vk+1

(l,m−l),

θvk(l,m−l) = (m− 2k)vk(l,m−l) .

4. Therefore the space of harmonic polynomials on C2 is decom-

posed by the right action of su(2) into
∑

m

∑m
l=0Hm,l.
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•

The boundary Dirac operator on the sphere S3 = {r = 1};

∂/|S3 : C∞(S3, S+) −→ C∞(S3, S+)

is a self adjoint elliptic differential operator.

• A basis of the space of even harmonic spinors;

ϕ+(m,l,k)(z) =

√
(m+ 1− k)!
k!l!(m− l)!


kvk−1(l,m−l)

−vk(l,m−l)

 ,

ϕ−(m,l,k)(z) =

√
(m+ 1− k)!
k!l!(m− l)!

(
1

|z|2

)m+2


wk

(m+1−l,l)

wk
(m−l,l+1)

 .,

m = 0, 1, 2, · · · ; l = 0, 1, · · · ,m, k = 0, 1, · · · ,m+ 1,

where

wk
(l,m−l) = (−1)k l!

(m− k)!
vm−l(k,m−k) .
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Proposition 6.1. 1. ϕ+(m,l,k) is a harmonic spinor

on C2 and ϕ−(m,l,k) is a harmonic spinor on C2\{0} that is regular
at infinity.

2. On S3 = {|z| = 1} we have:

∂/ϕ+(m,l,k) =
m

2
ϕ+(m,l,k) , ∂/ϕ−(m,l,k) = −m+ 3

2
ϕ−(m,l,k) .

3. The eigenvalues of ∂/ are

m

2
, −m+ 3

2
; m = 0, 1, · · · ,

and the multiplicity of each eigenvalue is equal to

(m+ 1)(m+ 2).

4. The set of eigenspinors{
1√
2π
ϕ+(m,l,k),

1√
2π
ϕ−(m,l,k) ; m = 0, 1, · · · , 0 ≤ l ≤ m, 0 ≤ k ≤ m+ 1

}
forms a complete orthonormal system of L2(S3, S+).
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• The restriction of C[ϕ± ] to S3 is an associative algebra generated

by the spinors:

ϕ+(0,0,1) =

(
1

0

)
, ϕ+(0,0,0) =

(
0

−1

)
, ϕ+(1,0,1) =

(
z2

−z1

)
,

ϕ−(0,0,0) =

(
z2

z1

)
.
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• C∞(S3, S+): the set of smooth even spinors on S3.

C∞(S3, S+) ∋ ϕ =

(
u

v

)
←→ u+ jv ∈ S3H .

Since ∆+ is the spinor representation of the Clifford algebra Clifc2 ≃ H:

End(∆+
2 ) ≃ Clifc2, we have the C-linear isomorphism H

∼−→ ∆ = C2:

∆+ ∋

(
u

v

)
←→ u+ jv ∈ H .

So we may look an even spinor as a H-valued function.

• On C∞(S3, S+) we define the R-Lie algebra structure by

[
ϕ1 , ϕ2

]
=

 v1v̄2 − v̄1v2

(u2 − ū2)v1 − (u1 − ū1)v2

 ,

for ϕ1 =

(
u1

v1

)
, ϕ2 =

(
u2

v2

)
.

This is equivalent to

[
u1+ jv1, u2+ jv2

]
= (v1v̄2− v̄1v2)+ j ( (u2 − ū2)v1 − (u1 − ū1)v2 ) .

The trace of a spinor ϕ =

(
u

v

)
is by definition

tr ϕ = 2Re.u = u+ u.

tr [ϕ, ψ] = 0
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• The correspondence

C∞(M,∆+) ≃ C∞(M,H) ≃ C∞(M,mj(2,C))

is convinient for the calculation.

Where mj(2,C) =

{(
a −b
b a

)
; a, b ∈ C

}
.

By it we identify ϕ =

(
u

v

)
with

(
u −v
v u

)
. Hence the product(

u

v

)
·

(
u1

v1

)
of two spinors is given by the matrix multiplication of

corresponding elements of mj(2,C), and trace ϕ = u + u follows im-

mediatey.
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• Laurent polynomial type harmonic spinors and the residues

If φ is a harmonic spinor; Dφ = 0, on C2 \ {0} then we have the

expansion

φ(z) =
∑
m,l,k

C+(m,l,k)ϕ
+(m,l,k)(z) +

∑
m,l,k

C−(m,l,k)ϕ
−(m,l,k)(z), (6.1)

uniformly convergent on any compact subset of C2 \ {0}.
The coefficients C±(m,l,k) are given by the formula:

C±(m,l,k) =
1

2π2

∫
S3

⟨φ, ϕ±(m,l,k)⟩ dσ, (6.2)

where ⟨ , ⟩ is the inner product of S+.

•

Lemma 6.2. ∫
S3

tr φ dσ = 4π2Re.C+(0,0,1), (6.3)∫
S3

tr Jφ dσ = 4π2Re.C+(0,0,0).

The formulas follow from (6.2) if we take ϕ+(0,0,1) =

(
1

0

)
and J =

ϕ+(0,0,0) =

(
0

−1

)
,

Definition 6.3. 1. We call the series (6.1) a spinor of Laurent poly-

nomial type if only finitely many coefficients C±(m,l,k) are non-zero

. The space of spinors of Laurent polynomial type is denoted by

C[ϕ±].

2. For a spinor of Laurent polynomial type φ we call the vector
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resφ =

(
−C−(0,0,1)
C−(0,0,0)

)
the residue at 0 of φ.

• We have the residue formula:

resφ =
1

2π2

∫
S3

γ+(z)φ(z)σ(dz). (6.4)
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7 Extensions of the current algebras on S3

• Extensions of the current algebras on S3

• Basic vector fields and basic 1-form on S3.

e+ = −z2
∂

∂z̄1
+ z1

∂

∂z̄2
, e− = −z̄2

∂

∂z1
+ z̄1

∂

∂z2

θ =

(
z1

∂

∂z1
+ z2

∂

∂z2
− z̄1

∂

∂z̄1
− z̄2

∂

∂z̄2

)
.

the commutation relations;

[θ, e+] = 2e+, [θ, e−] = −2e−, [e+, e−] = −θ.

Dual basis :


θ∗0 = 1

2|z|2 (z1dz1 + z2dz2 − z1dz1 − z2dz2),

θ∗1 = 1
2(e
∗
+ + e∗−)

θ∗2 =
√
−1
2 (e∗+ − e∗−)

where

e∗+ =
1

|z|2
(−z2dz1 + z1dz2), e∗− =

1

|z|2
(−z2dz1 + z1dz2),
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1.

θ∗j (θk) = δjk

2. very important relations: θk = θk.

3. Integrable condition:

√
−1
2

dθ∗0 = θ∗1 ∧ θ∗2 ,
√
−1
2

dθ∗1 = θ∗2 ∧ θ∗0 ,
√
−1
2

dθ∗2 = θ∗0 ∧ θ∗1 ,

4. θ∗0 ∧ θ∗1 ∧ θ∗2 = dσS3 : volume form.

5. ∫
S3

θkf dσ = 0 , k = 0, 1, 2

for any function f on S3.
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• 2-cocycles on S3H = C∞(S3,H) ≃ C∞(S3, S+)

φ =

(
u

v

)
∈ S3H,

Put

Θk φ =

 1
2θk 0

0 1
2θk

( u

v

)
=

1

2

 θk u

θk v

 , k = 0, 1, 2.

• For ϕ1 and ϕ2 ∈ S3H , we put

ck(ϕ1, ϕ2) =
1

2π2

∫
S3

tr (Θkϕ1 · ϕ2 ) dσ. (7.1)

• For each k = 0, 1, 2, ck defines a non-trivial 2-cocycle on the algebra

S3H.

That is, ck satisfies the equations:

ck(ϕ1 ϕ2) = − ck(ϕ2, ϕ1) (7.2)

ck(ϕ1 · ϕ2 , ϕ3) + ck(ϕ2 · ϕ3 , ϕ1 ) + ck(ϕ3 · ϕ1 , ϕ2 ) = 0 (7.3)

for any ϕ1, ϕ2, ϕ3 ∈ S3H,

and

∄ 1-cochain b such that ck(ϕ1.ϕ2) = b( [ϕ1, ϕ2] ).
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• 2-cocycles on the Laurent polynomial type harmonic

spinors

L = Laurent polynomial type harmonic spinors on S3

L being a subalgebra of S3S3H, ck, for each k = 0, 1, 2, defines a

non-trivial 2-cocycle on L.

• Central extension of S3 gl(n,H)

C-valued 2-cocycles on the real Lie algebra S3gl(n,H) = S3H ⊗
gl(n,C) :

Extend the 2-cocycles ck, k = 0, 1, 2 on S3H

to S3gl(n,H) by

ck(ϕ1 ⊗X , ϕ2 ⊗ Y ) = (X|Y ) ck(ϕ1, ϕ2) , k = 0, 1, 2. (7.4)

where (X|Y ) = Trace(XY )

The 2-cocycle property follows from the fact

(XY |Z) = (Y Z|X)

• Let ak, k = 0, 1, 2, be three indefinite numbers.

For each k = 0, 1, 2

there is a central extension of the Lie algebra S3gl(n,H) by the 1-

dimensional center Cak associated to the cocycle ck.

Theorem 7.1.

S3gl(n,H)(a) = (S3H⊗ gl(n,C) )⊕ (⊕k=0,1,2Cak), (7.5)
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endowed with the following bracket becomes a real Lie algebra.

[ϕ⊗X , ψ ⊗ Y ]̂ = (ϕ · ψ)⊗XY − (ψ · ϕ)⊗ Y X

+(X|Y )
2∑

k=0

ck(ϕ, ψ) ak ,

[ ak , ϕ⊗X ]̂ = 0 , k = 0, 1, 2

for ϕ, ψ ∈ S3H and any bases X, Y ∈ gl(n,H).

Check : R-linear, antisymmetric, Jacobi identity.
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• As a Lie subalgebra of S3gl(n,H)

we have the Lie algebra of gl(n,C)-valued Laurent polynomial spinors

on S3 :

L gl = C[ϕ±]⊗C gl(n,C).

The basis of C[ϕ±]⊗ gl(n,C):

ϕ±(m,l,k) ⊗ Eij ,
1 ≤ i, j ≤ n,

0 ≤ m, 0 ≤ l ≤ m, 0 ≤ k ≤ m+ 1
.

As a Lie subalgebra of S3gl(n,H), L gl has the central extension by

the 2-cocycles c̃k, k = 0, 1, 2, as well:

L gl(a) = L gl ⊕ (⊕2
k=0Cak).
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• The radial vector field d0 on C2 \ 0 is extended to act on L gl(a) as

an outer derivation.

Then, adjoining the derivation d, we have the second extension:

ĝl = C[ϕ±]⊗C gl(n,C)⊕ (⊕2
k=0Cak)⊕Cd.
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8 Algebra of infinitesimal automorphisms on S3 and

its central extension

• Basis of vector fields on S3 ≃ {|z| = 1} ⊂ C2.

e+ = −z2
∂

∂z̄1
+ z1

∂

∂z̄2
, e− = −z̄2

∂

∂z1
+ z̄1

∂

∂z2

θ =

(
z1

∂

∂z1
+ z2

∂

∂z2
− z̄1

∂

∂z̄1
− z̄2

∂

∂z̄2

)
with the commutation relations;

[θ, e+] = 2e+, [θ, e−] = −2e−, [e+, e−] = −θ.

• we define the polynomials:

vk(l,m−l) = (e−)
kzl1z

m−l
2 .

m = 0, 1, 2, · · · l, k = 0, 1, · · · ,m

Then vk(l,m−l) is a harmonic polynomial on C2 \ {0} restricted to

S3 ⊂ C2 \ {0};

e+v
k
(l,m−l) = −k(m− k + 1)vk−1(l,m−l),

e−v
k
(l,m−l) = vk+1

(l,m−l),

θvk(l,m−l) = (m− 2k)vk(l,m−l) .
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8.1 Witt algebra on S3

• We shall investigate the space of vector fields on S3 with harmonic

polynomial coefficients.

Definition 8.1. V(S3) is the set of vector fields on S3 with har-

monic polynomial coefficients.

Basis of V(S3):

Lk
(l,m−l) = vk(l,m−l) θ0 ,

Ek
(l,m−l) = vk(l,m−l) e+ , 0 ≤ m, 0 ≤ k, l ≤ m

F k
(l,m−l) = vk(l,m−l) e− .

V(S3) is a Lie algebra with basis

{Lk
(l,m−l), E

k
(l,m−l), F

k
(l,m−l) , 0 ≤ m, 0 ≤ k, l ≤ m }
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notation

α = (α1, α2), β = (β1, β2), · · · , 1 = (1, 1), k · 1 = (k, k)

α± β = (α1 ± β1, α2 ± β2)

|α| = α1 + α2 ,

(
α

β

)
=

(
α1

β1

)(
α2

β2

)
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• The structure constants of V(S3) are:

[Lh
α , L

k
β ] =

√
−1(k − h+

|α| − |β|
2

)
h+k∑
j=0

Cj(α, h; β, k)L
h+k−j
α+β−j1

[Lh
α , E

k
β ] =

√
−1(k − 1

2
|β|+ 1)

h+k∑
j=0

Cj(α, h; β, k)E
h+k−j
α+β−j1

−
h+k+1∑
j=0

Cj(α, h+ 1; β, k)Lh+k+1−j
α+β−j1

[Lh
α , F

k
β ] =

√
−1(k − 1

2
|β| − 1)

h+k∑
j=0

Cj(α, h; β, k)F
h+k−j
α+β−j1

−h(|α| − h+ 1)
h+k−1∑
j=0

Cj(α, h− 1; β, k)Lh+k−1−j
α+β−j1

[Eh
α , E

k
β ] =

h+k∑
j=0

(Cj(α, h; β, k + 1)− Cj(α, h+ 1; β, k)) Eh+k+1−j
α+β−j1

[F h
α , F

k
β ] =

h+k−1∑
j=0

{h(|α| − h+ 1)(Cj(α, h− 1; β, k)

− k(|β| − k + 1)Cj(α, h; β, k − 1)}F h+k−j−1
α+β−j1

[Eh
α , F

k
β ] =

h+k+1∑
j=0

Cj(α, h; β, k + 1)F h+k+1−j
α+β−j1

+h(|α| − h+ 1)
h+k−1∑
j=0

Cj(α, h− 1; β, k)Eh+k−1−j
α+β−j1

−2
h+k∑
j=0

Cj(α, h; β, k)L
h+k−j
α+β−j1
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In the above the constants Cj(α, h; β, k) are defined by the following:

Lemma 8.2.

1. Given α , h, β , k,

∃Cj = Cj(α, h; β, k) ≡ Cj(
h

α
;
k

β
) , j = 0, · · · , h+ k

that satisfy the relation

vhα · vkβ =
h+k∑
j=0

Cj |z|2j vh+k−j
α+β−j1

2.

Cj(
h

α
;
k

β
) = Cj(

k

β
;
h

α
)

3. If j1 + j2 = k1 + k2,

Cj1(
p1

α1

;
p2

α2

)Cj2(
p1 + p2 − j1
α1 + α2 − j11

;
p3

α3

)

= Ck1(
p2

α2

;
p3

α3

)Ck2(
p2 + p3 − k1
α2 + α3 − k11

;
p1

α1

)

⇐=
(
vp1α1
vp2α2

)
vp3α3

= vp1α1

(
vp2α2
vp3α3

)
example

C0(α, 0; β, 0) = 1,

Cm(m, l, k;m− l, l,m− k) = (−1)m−l+k l!(m− l)!
m+ 1
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ψDS =⇒ Functions on the cotangent bundle T ∗Mn \ {0}

CL(Mn) =

{
a =

∑
−∞<k≤d

ak(x, ξ)

}
, 0 ̸= ξ ∈ T ∗xM ,

: the ring of formal pseudo-differential symbols on Mn.

Here ak(x, ξ) are functions on the cotangent bundle with zero section

removed of homogeneous degree k in ξ.

The multiplication in CL(Mn) is:

a · b =
∑
α

1

α!

(
∂αξ a

)
(∂αx b ) . (8.1)

where α denotes a multiindice

for example

For M = S1 (8.1) coresponds to (??) by ∂ −→ ξ:

[∂α, f∂m] −→
∑
j=1

(
α

j

)
f (j)ξm+α−j = ξα · fξm = [ ξα, fξm ]

(remark: (fξm) · ξα = 0!)

ψDO ∋
∑

−∞<k≤d

ak(x)∂
k −→

∑
−∞<k≤d

ak(x)ξ
k ∈ CL(S1)

———————————-

• the non-commutative residue ( Wodzcki ):

Res a =

∫
{|ξ|=1}

a−n(x, ξ)α ∧ ωn−1,

for a =
∑
−∞<k≤d ak(x, ξ) ∈ CL(Mn). a n-form on M .
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tr a =

∫
M

Res a dx .

α =
∑

ξidxi ; canonical 1-form, ω = dα.

α ∧ ωn−1 : volume form on the cotangent sphere S∗M = {|ξ| = 1}

——————

S : an ellptic differential operator of order m on M

with the leading symbol sm(x, ξ) > 0, ξ ̸= 0.

Theorem [ Radul ]

c(a, b) =

∫
M

Res( [ ln sm, a] · b ) , a, b ∈ CL(M) (8.2)

gives a cocycle on the algebra CL(M).

Note: though ln sm(x, ξ) /∈ CL(M), we have

[ ln sm(x, ξ), CL(M)] ⊂ CL(M) .

There exist a central extension of CL(M) by Radul cocycle c,

and a central extension of the subalgebra V ect(M) ⊂ CL(M) .
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9 Central extensions of V ect(S3)

Apply

” Theorem [Radul]

c(a, b) =

∫
M

Res( a · [ ln sm, b ] ) , a, b ∈ CL(M) (9.1)

gives a cocycle on the algebra CL(M). ”

to

V ect(S3) ∋ f1(z)
∂

∂z1
+ f2(z)

∂

∂z2
+ g1(z)

∂

∂z1
+ g2(z)

∂

∂z2
−→ f1(z)ξ1 + f2(z)ξ2 + g1(z)ξ1 + g2(z)ξ2 ∈ CL(S3)

where

symb
∂

∂z1
= ξ1 ∈ T ∗z C2|S3

etc.

Res is considered on C2 \ 0.
We take the elliptic symbol sm(z, ζ) = symb (∆C2) = |ζ|2.
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Definition 9.1. For X,Y ∈ V ect(S3), put

R(X,Y ) =

∫
|ζ|=1

( symbX · [ ln |ζ|2 , symb Y ] )σ(dζ)

where |ζ|2 = symb.∆.

c(X, Y ) =

∫
|z|=1

R(X,Y )σ(dz), i = 0, 1, 2

c gives a cocycle on V ect(S3).
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9.1 Calculations of R(X,Y )

We shall calculate

R(X,Y ) =

∫
|ζ|=1

( symbX · [ ln |ζ|2 , symb Y ] )σ(dζ) (9.2)

for

X , = θ0, e+ , e− , (9.3)

and

Y = h(z)e+ , h(z)e− , h(z)θ0 .

where h is a harmonic function on C2 restricted to S3.

After we shall take h = vk(m,l), so that

X,Y = Lk
α , E

k
α , F

k
α .
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1.

R(h′θ0, he+) =
1

3
h′(θe+ − e+)h (9.4)

2.

R(h′e+, hθ0) = h′(
1

3
e+θ +

1

2
e+)h (9.5)

3.

R(h′θ0, hθ0) = −
1

3
h′(θθ +

∂

∂n
)h (9.6)

4.

R(h′θ0, he−) =
1

3
h′θ0e−h (9.7)

5.

R(h′e− hθ0) =
1

3
h′(e−θ0 − e−)h (9.8)

6.

R(h′e+, he− ) =
1

3
h′ ( e+ · e− + ν )h (9.9)

7.

R(h′e−, he+) =
1

3
h′ (e+e− + ν)h =

1

3
h′ ( e− · e+ + ν )h (9.10)

8.

R(h′e−, he− ) =
1

3
h′ ( e− · e− )h . (9.11)

9.

R(h′e+, he+) =
1

3
h′ ( e+ · e+ )h (9.12)
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