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The tt*-Toda equations

@ The equations are appeared in the work of Cecotti and Vafa
on two-dimensional supersymmetric field theories.

@ Some solutions correspond to the quantum products of
weighted projective spaces.

Definition
Let n € Z~o.

2(w;),; = —e2(Wiri—w;) e2(Wi_Wi71),

wi: C* >R, i €Z, wi = Witn+1, wi = wi(|z]),

wo+w_1=0, wi+w,=0,...
wo + w, = 0, W1—|—Wn,120,...'
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Isomonodromy and Riemann-Hilbert

correspondence

The tt*-Toda equations are equivalent to the isomonodromic
condition of the following meromorphic connection on CP*:

dv 1 1
— = —W—XWX+X2WT> v,
d¢ ( ¢ ¢

eW]_—Wo

w = diag(wp, ..., w,), W =

eWn*Wn—l

Wo—Wn
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Hamiltonian structure

Proposition (O.)

The tt*-Toda equations are equivalent to the following Hamiltonian
system:(x = |z|)
H(W07 y Wn=1, Wp, 7W";1 X)
2 2
n—1 n—1
1 2 2 X —4w
_ ? V~V,2 . XZ eZ(Wi*Wi—l) -~ (e nl + e4wo>
X i=0 i=1
oH w;
Wi -— = —
(i) ow; X
oH
~ _ — _2 <e2(W,‘+17W,') _ 62( ,7W,‘_1))
(W’)x aW,‘
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Correspondence between asymptotic data

and monodromy data

Let
2w;(x) ~ vilogx + pj + o(1), (x = 0, x =z]),

be asymptotic expansions of the solutions of the tt*-Toda
equations in the generic case. It holds that

1 -

R in2y; Xn—1
m; = _§7f7 & = eli2% X:
I

n
'y Vi +2j
X 707"’77/1 . Hr &=] n—{—ll) ) (Vj+n+1:f>/j)
=1
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Correspondence between asymptotic data

and monodromy data

parametrizing local solutions

/
2u(x) ~@@n, (x =0, x = ),

be asymptotic expansions of the solutions of the tt*-Toda
equations in the generic case. It holds that

Let

1 -

R in2y; Xn—1
m; = _§7f7 & = eli2% X:
I

n
7 Vi +2j
X 707"’77/1 . Hr &=] n—{—ll) ) (Vj+n+1:f>/j)
=1
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Text Box
parametrizing local solutions


Correspondence between asymptotic data

and monodromy data

y -
20i(x) ~@@n, (x =+ 0.x = |2,

be asymptotic expansions of the solutions of the tt*-Toda
equations in the generic case. It holds that

Let

1 -

R in2y; Xn—1
m; = _§7f7 & = eli2% X:
I

n
7 Vi +2j
X 707"’77/1 . Hr &=] n—{—ll) ) (Vj+n+1:f>/j)
=1
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parametrizing local solutions


Text Box
parametrizing global solutions


Generating function 1

Theorem (O.)

The Riemann-Hilbert correspondence preseves natural symplectic
structures, i.e.,

— n—1
; 1%
> dyindpi=-2 ) dmjndloge;.
i=0 i=0

The generating function of the above canonical transformation is:

175 2]
F(po,...,pL%J,mo,...,mL%J)::— Z: pim;+2log 2 Z: my

n+1 Mmy_;— mg+j
ZZw 2)( = )'(mj+n+1:mj:_m"—j)

k=0 =1 n+1
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Generating function 2

In general,
oF
i=———), loge’ = — .
" opi’ om;

If the solutions w; are globally smooth, it holds that log e}R =0, so

pi = —(2log 2); + log(X;/Xn_i).

Noting that Bim,- = —2%, it holds that
o (1=
F m: | = p..
87; + IZ; pPim;j Pi
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Asymptotic constant of the tau-function

Define a function 7 by

ool = / S Tl S
1
Define constants Co, C, depending on o, ..., 7|(a=1)/2) bY:

(X) _ C()XBZUH 1)/2 J’Y:z(]__}_o(]_)) X =0
7(x) = Coce™ ™ (1 +0(1)), x = o0
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Asymptotic constant of the tau-function

i=0

1 L=/ ,
log Co = )I(ino log 7(x) — 8 Z vi log x
(

log Coo = lim (log 7(x) + x?)

C:=log—= = | lo — g “lo
8 Co X1§0 & T(Xl) + X2 + 8 o vitogx
Xp—00 =

X2 1

= lim / H(w(x), w(x),x) +x2 + =
x1—0 x 8
X2 —00 1
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Constant problem

Theorem (O.)

It holds that

L(n-1)/2] S L(n-1)/2] 1 1
TN e g e

Ifn=3, 3 Floo=2(2) + 20 +v2(3).
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Sketch of the proof 1

@ The Hamiltonian function H is quasi-homogeneous:

H(w, cw; cx) = cH(w, w; x) for any ¢ > 0.

@ Such a Hamiltonian function satisfies some identity, and in this
case:

H = i (o), ++ 0 o2 | (waa ) = o e,

2

@ The classical action
S(a,xe) = [ (Z Ln=1)72 & (w wi), — H) dx appears:

o 7(x2)
%8 ()

= S(x1,x) + XH(X)Ki
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Sketch of the proof 2

|5
0S(x1, x2) . x2
a’yj - ; (Wk (Wk)’yj> x1
|5
oC i Y
oy 4 D 5 (b
k=0
L(n—1)/2] 21 L(n—1)/2] 1 [(n—1)/2]
C=- Z s 1 > 'Ykpk+4/ > pkdy
i=0 k=0 k=0
[(n—1)/2] [(n—1)/2]
/ Z prdy = —F — Z YkpPk + const.
k=0 k=0
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The symplectic form ZL n-1)/2] dmj A dlog e} can be considered
as the Atiyah-Hitchin form on the space

R ={p/q|degp < n,degqg = n+1, g : monic} of the based
rational maps from CP?! to itself of degree n + 1.

The symplectic form ZL n-1)/2] d~v; A\ dp; can be considered as the
Kirillov-Kostant form of a coadjoint orbit of a subgroup of

GLa11 (C[C]/ (¢?)).
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